TRANSFINITE ORDINALS by Jacques Bailhache, January-march 2018

Any ordinal can be defined as the least ordinal strictly greater than all ordinals of a set : the empty set for 0, {a} for the successor of
a, {ao, a1, as, ...} for an ordinal with fundamental sequence ag, ay, ag, ...
1 Algebraic notation
We define the following operations on ordinals
e addition : o+ 0 = a5 a + suc(B) = suc(a + B);a+lim(f) =lim(n— o+ f(n))
e multiplication : « x 0= 0; >< suc 5;2 = (a % 62 + asa x im(f) = lim(n — a x f(n))

e exponentiation : ¥ = 1; asuelp x a; o) = lzm(n — af ()
2 Veblen functions ) L
g0 = lim w,w®”,w*” .. ;g1 = lim €9,0%°,60%° *, ... = lim o + L,wt W™ ;¢ = lim 0,e0,¢6c,, - - -
“=po(a) =¢(0,a)eqa = p1(a) = p(1,a); (o = p2(a) = (2, )
o(...,5,0,...,0,7) is the (1 + ) common fixed point of the functions & — ¢(...,d, f 0,...,0) for all g <§ N
o, . -+ Qo B) may also be written Can .o (B) O ©Qn xan+.. +ao (B) OF @(Q" X au, + . + ao, B) or (0 1 n jl)
Simmons notation

Fixfz= f*(z+ 1) = least fixed point of { strictly greater than z ; Next = Fiz(a — w®)

[0)h = Fiz(a — h%w) ; [1]hg = Fiz(a — h*gw) ; 2lhgf = Fiz(a — h¥gfw) ; etc...

Correspondence with Veblen’s ¢ : ¢(1+ 3,a) = ([0]° Next)!+ow

1> 0,00y, B, 0) = p(y x Q2+ B, 0) = (0% 5 Neat) +ow = ([0]((0)2) Neat)) +w = (0] ([1)[0])? Next))+

If§ > 0o0ry > 0,007 8a) = @6 x P +7yxQ+Fa) = (0] 5FVHBNext) Fow = ((0]°([0]?)7([0]%) Neat))) +ow =
([01° (([1][0])* (([1J*[0])° Next))) +w, with [0]" = [1]"[0].

Rationalization of ¢ : p(1 + 8,a) = ¢'(8,1 + a) => ¢'(B,a) = ([0]° Next)w; (7, B,a) = @' (7, 8,1 + )

4 RHSO notation

We start from 0, if we don(t see any regularity we take the successor, if we see a regularity, if we have a notation for this regularity, we
use it, else we invent it, then we jump to the limit.

Hfx=lim z, fx, f(fz),...; R1fgr = lim gx, fgx, ffgz,...; Rafgha = lim hx, fghx, fgfgha, ...

Correspondence with Simmons notation : ..., [3] = Rs,[2] — R4, [1] = R3,[0] = Ra, Neat — Ry,w — Hsuc 0

5 Tree ordinals

A tree ordinal a belongs to the tree ordinal class Q,(n € N if either a = 0, a = a’ + 1 for some tree ordinal a’ belonging to the tree
ordinal class €2, or a is a function from Qj to €, for some k | n.

To any tree ordinal a, we can associate a corresponding ordinal « = |a| obtained by ignoring the choice of particular fundamental
sequences, and defined by : |0 =0; |a+ 1| = |a| + 1 ; |a| = sup|a[b]| if a is a function from Q) to Q.

We can define the following extension of the Fast Growmg Hierarchy (which corresponds to the case n=0) :

o Fr,(0,b)=0+1

o Fy(a+1,0) = [Fa(a,0)()

e (F,(a,b))[c] = Fy(ale],b) if a is a function from £ to Q41 with k <n
e (F,(a,b)) = F,(a[b],b) if a is a function from Q, to Q41

6 Ordinal collapsing functions

These functions use uncountable ordinals to define countable ordinals.

We define sets of ordinals that can be built from given ordinals and operations, then we take the least ordinal which is not in this set,
or the least ordinal which is greater than all contable ordinals of this set.

These functions are extensions of functions on countable ordinals, whose fixed points can be reached by applying them to an uncountable
ordinal, for example :

Buchholz 9y : ¥o(a) = w® if a < €0;1(2) = €¢ which is the least fixed point of « — w®.

Madore’s ¥ : ¢P(a) = g4 if a < {o;9(Q2) = o which is the least fixed point of o+ e,.

Feferman’s 0 : 0(«, 8) = ¢(a, B) if a < Ty and 8 < Ty; 0(2,0) = T'y which is the least fixed point of o — p(«;, 0).

Taranovsky’s C : C(«, 8) = f + w® if « is countable; C(Q1,0) = €9 which is the least fixed point of o — w®.

Some general formulas for ordinal collapsing functions are :

( Z( ) ( for example : ¢V(O) =Q,, or 1;[}0(0) =1 ¢1+u(0) =Q4, = Wity

o Yy (suc a) = f(Yu(a))

o Y, (lim h) = lim(v, o h) ( with lim = Limg )

. 1/),(Lim,£+1 h) = Lim,ﬁl(wy o h) if kK < v, or with fundamental sequence notation : v, (a)[n] = ¥, (an])
(Li



Name Symbol | Algebraic Veblen Simmons RHSO Madore Taranovsky
Zero 0 0 0 0
One 1 1 ©»(0,0) suc 0 C(0,0)
Two 2 2 suc (suc 0) C(0,C(0,0))
Omega w w ©(0,1) w H suc 0 C(1,0)
w+1 suc (H suc 0) C(0,C(1,0))
w X2 H suc (H suc 0) C(1,C(1,0))
w? ©»(0,2) H (H suc) 0 C(C(0,C(0,0)),0)
w? (0, w) H H suc 0 C(C(1,0),0)
Epsilon zero €0 €0 ©(1,0) Next w Ry Hsuc 0 »(0) C(£1,0)
€1 »(1,1) Next?w Ri(R1H)suc 0 (1) C(Q1,C(Q,0)
€w (1, w) Nezt¥w HR;Hsuc 0 P(w) C(C(0,1),0
€eo o(1,0(1,0)) | NextNertoy Ri1HR1Hsuc 0 P((0)) | C(C(C(21,0),91),0)
Zeta zero Co o ©(2,0) [O]Next w RoRy Hsuc 0 P(§2) C(C(,),0)
Eta zero Mo Mo ©(3,0) [0]°Next w Ro(RaRy)H suc 0 c(C(Q,C(2,9),0)
o(w,0) [0]“ Next w HRy;R1Hsuc 0 C(C(C(0,€1),€1),0)
Feferman Ty To ©(1,0,0) [1][0]Next w R3RyRy Hsuc 0 P (QF) C(C(C(Qq, ),
-Schiitte =p(2—1) = Rs 1Hsuc0 Q1),0)
Ackermann ©(1,0,0,0) | [1)2[0]Next w | Rs(RsRs)RiHsuc0 | (Q%)
=p(B3—1)
Small Veblen p(w—1) [1]“[0]Next w HR3RyRiHsuc 0 | ¢¥(Q%) C(94,0)
ordinal =Cc(Cc(Cc(Cc(,),
21),91),0)
Large Veblen least ord. | [2][1][0]Next w | R4R3RoRyHsuc 0 ’(/J(QQQ) C(Q$,0)
ordinal not rep. = R4 1HsucO = C(C(C(C(21,2),
01),91),0)
Bachmann- least ord. R, 1Hsuc0 Y(eqt1) C(C(22,1),0)
Howard not rep.




